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Abstract 

It is known that when there are several D-branes, their space-time coordinates in gen- 
eral become noncommutative. From the point of view of noncommutative geometry, it 
reflects noncommutativity of the world volume of the D-branes. On the other hand, as we 
showed in the previous work, in the presence of the constant antisymmetric tensor field 
the momentum operators of the D-branes have noncommutative structure. In the present 
paper, we investigate a relation between these noncommutativities and the description of 
D-branes in terms of the noncommutative Yang-Mills theory recently proposed by Seiberg 
and Witten. It is shown that the noncommutativity of the Yang-Mills theory, which im- 
plies that of the world volume coordinates, originates from both noncommutativities of 
the transverse coordinates and momenta from the viewpoint of the lower-dimensional 
D-branes. Moreover, we show that this noncommutativity is transformed by coordinate 
transformations on the world volume and thereby can be chosen in an arbitrary fixed value. 
We also make a brief comment on a relation between this fact and a hidden symmetry of 
the IIB matrix models. 



* e-mail address; kuroki@tanashi.kek.jp 



1 Introduction 



Candidates for the nonperturbative definition of string theory have been proposed for 
these few years[|l], ^. Although these matrix models have passed several nontrivial 
checks so far, they are far from satisfactory because not only they have little predictions 
as to nonperturbative effects of string theory, but they do not completely reproduce 
the perturbative string theory. These failure might result from the lack of information 
on fundamental degrees of freedom and symmetry or principle which governs them in 
these models. Since matrix models start with the lower- dimensional D-branes such as D- 
instantons or D-particles as fundamental degrees of freedom (although there is a difference 
in their interpretations), it is important to examine the physics of D-branes and survey 
true fundamental degrees of freedom and a hidden symmetry in the nonperturbative string 
theory. 

One of the most appealing features of D-branes is their noncommutative structure. 
Namely, when there are several D-branes which are parallel to each other, their trans- 
verse coordinates are promoted to non-commuting matrices^. From the point of view of 
noncommutative geometry, this noncommutativity can be considered to reflect the non- 
commutative structure of the world volume of D-branes, since the transverse coordinates 
are functions on the world volume of D-branes which is naturally described by them. In 
what follows, we will refer to this noncommutativity as transverse noncommutativity. 

On the other hand, we found in our previous work0 that in the presence of the 
background antisymmetric tensor field along the transverse directions the momentum 
operators of the D-brane toward these directions become noncommutative.[] Henceforth 
this noncommutativity will be referred to as momentum noncommutativity. These two 
noncommutativities are dual to each other in the sense that the former realizes the non- 
commutative structure of the transverse coordinates of world volume, while the latter 
realizes that of the conjugate momenta. Moreover, as shown in 0, when the transverse 
directions are compactified on the two-torus they satisfy non-trivial relations. These re- 
sults are in nonperturbative aspects of string theory and should be naturally considered 
to reflect a hidden symmetry or an unknown mechanism of string theory. In fact, from the 
viewpoint of the underlying principle of string theory, there exist a proposal that regard- 
less of fundamental strings or D-branes, their transverse directions and longitudinal ones 
have uncertainty of order of string scale and that play dual roles to each other, which 
is a manifestation of the fundamental principle or symmetry of string theory j^, |^, 1^ . 
It is natural to guess that noncommutativities of D-branes are closely related to this 
idea. Therefore further studies of these noncommutativities would shed light on future 
investigations. 

Recently Seiberg and Witten analyzed the open string theory in the presence of the 
constant Neveu-Schwarz 2-form field Bij and showed that its low-energy effective theory 
is described by the ordinary Yang-Mills (YM) theory when one adopts the Pauli-Villars 
regularization, while it is described by the noncommutative Yang-Mills (NCYM) theory 
with a parameter of noncommutativity given by 61 = B-^ in the case of point-splitting 
regularization and thus both are physically equivalent |[Tl|. Here the NCYM theory with 

^ Accordingly Matrix theory or a low energy effective field theory of D-branes on a torus in the constant 
antisymmetric field background is described by a gauge theory on a noncommutative torus ^, Q]. 
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6 is defined by replacing all the ordinary product of functions such as gauge fields with 
what is called the *-product 



f{x)*g{x) 



a a 



. 2 se 



where 6^^ is a real constant number. Noncommutative gauge symmetry with gauge pa- 
rameter A for the noncommutative gauge field Aj is given as 



diX + iX* Ai — iAi * X. 



:i.2) 



These implies the following non-trivial commutation relation of the base space coordinate 



X 



\x\x-' 



(1.3) 



In [|Tl| , based on these observations, a concrete map from ordinary gauge fields to noncom- 
mutative ones is constructed. Furthermore, it is conjectured that there exists a series of 
equivalent NCYM theories with arbitrary values of 9 and an interesting prediction is made 
that such a NCYM theory with 9 between ^ = (ordinary) and 9 = corresponds to 
a suitable regularization which interpolates between Pauli-Villars and point-splitting. In 
the following, we will call the noncommutativity 9 of NCYM theory longitudinal noncom- 
mutativity because it is caused by the noncommutativity of the coordinates of the base 
space as in ( |1.3|) which are nothing but the longitudinal coordinates of the D-brane world 
volume as shown explicitly in JTI], TA . 



For an attempt to define string theory nonperturbatively from lower-dimensional D- 
branes as a fundamental constituent like 0, ^ 0, [T6[ , it would be meaningful to reinterpret 
the above results in terms of them. In fact, it is shown that higher- dimensional D-branes 
can be regarded as a configuration of infinitely many lower- dimensional ones with the 
transverse noncommutativity 18, 19, ^]. In section 2, a D-string which is made from 
infinitely many D-instantons in the presence of a constant By background are considered 
as a simple example, which has been analyzed in our previous paper p[. Then We apply 



the result in to this configuration and interpret it in terms of D-instanton degrees of 
freedom. In particular, we clarify the interrelation between the above-mentioned noncom- 



mutativities. Similar analysis was also done in a recent paper |21]. In section 3, we focus 



on the degrees of freedom to change the value of 9 suggested in 0] and refine it from the 
standpoint of the longitudinal noncommutativity. Section 4 is devoted to discussions on 
the meaning of our results for a hidden symmetry of matrix models. 



2 Interrelation between Noncommutativities 

In this section we consider a configuration of infinitely many D-instantons in fiat space 
with a metric G[j in the presence of a constant 2-form field B[j background. For simplicity, 
the coordinates of D-instanton (oo x oo matrices) are assumed to satisfy 

[q\q'] = -ih (2.1) 

where A; is a real number. In this case, since the components of B[- not along the 1,2- 
directions can be gauge away, we can assume that B[2 = — -B21 -Sii=0 otherwise. 
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From now on indices i,j are understood to be 1 or 2. k is nothing but a parameter 
which measures the transverse noncommutativity of D-instantons. On the other hand, 
B'- parametrizes the momentum noncommutativity since the momentum operator of D- 
instantons tTj satisfies 

[m,n2]=tB[,, (2.2) 
when k = O[]5[.0 When k ^ 0, ( P^ are modified as 

However, even if /c = 0, tTj still has the noncommutativity by the presence of ■ There- 
fore we also regard it as a parameter of the momentum noncommutativity in the case of 
non-zero k. 

As shown in as a background of string, our configuration of D-instantons is 

equivalent to a D-string in the background gij, Bij, Fij given by^ 

g^, = G[^, B,,+F,,=B[^ + ^e,,^ (2.4) 

In these equations, in the D-instanton picture in the right hand side a noncommutative 
world volume spanned by g^, is constructed, while in the left hand side a D-string world 
volume in the ordinary static gauge is considered. In fact, if we set 

Bij = B'ij, Fij = -eij, (2.5) 

by doing the appropriate gauge fixing, we find that the D-instanton picture corresponds 
to the choice of the coordinate (parametrization) on the D-string world volume in which 
f/(l) gauge field strength Fij is always equal to eij/k ^7\, [1^, As we will see in 



the next section, if we choose a world volume coordinate using the general coordinate 
transformation on the world volume in such a way that Fij is a constant, it turns out 
to have noncommutative structure in general. Therefore, since the world volume in the 



D-instanton picture is noncommutative, we should apply the result in ||Tl[ to the left hand 
side of (|2.4|), namely, a D-string in the static gauge. 

Seiberg and Witten began with the open string theory in the background of a D-brane 
and Bij along its world volume described by the action 

"5 = 7^/ 9^A^'^''x^ -'t; f B,,x'dtx^, (2.6) 
4770;' Js 2 J9E 



^ In Q D-instantons arc compactified on the with the Bij flux and (2.2) is obtained reflecting the 



global structure of the torus. Thus it is likely that the existence of components of along compact 
directions which cannot be gauged away is essential to define the momentum noncommutativity in a 
well-defined manner. 

§ Although in |^ the configuration is compactified on as mentioned in the above footnote, a similar 
argument also works in this case. 

^ In order to match the notation with those in |jll|, we change the normalizations of B'^j, Bij from 
those in ||] by a factor 27ra'. 
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and showed that in the point-sphtting regularization on the world sheet the low-energy 
effective theory is given by the NCYM theory with metric Gij and noncommutativity 
parameter 6'^^ given as follows: 

1 = + I (27) 

Moreover, from the fact that in the Pauli-Villars regularization it is described by the 
ordinary YM theory = 0), they pointed out that both YM theories arise from the same 
two-dimensional field theory regularized in different ways and are physically equivalent. 
Putting this observation forward, they predicted that for all values of 6 there exists an 
equivalent description of NCYM theory. This degrees of freedom is conjectured to be 
captured by introducing a two-form field $ as 

(2.8) 



G + 27ra'$ 2Txa' g + 2na'B 



Although setting $ = reproduces ( p.7|) , in the general case of $ 7^ we get NCYM 
theory with a different value of 6. ^ corresponds to the degrees of freedom of a magnetic 
background in the NCYM theory and its existence is naturally required from the Morita 
equivalence which is an equivalent relation between different NCYM theories]^, In 
01 the degrees of freedom to change $ and 6' in a suitable way keeping the NCYM theory 
physically invariant are argued to exist. From the point of view of the noncommutativities 
of D-branes, as mentioned in the introduction, the noncommutativity 6 of the NCYM 
theory reflects that of the base space coordinate. In the present example the base space is 
nothing but the D-string world volume and in this sense 6 can be considered to parametrize 
the longitudinal noncommutativity. 

On our D-string world volume there is a constant U{1) gauge field strength as in ( |2.5| ) 
and thereby the second term in (|2.6|) are modified as B'-^ — > B'-j + eij/k. Noting this, we 
obtain from 

1 1 e , , 

(2.9) 



G' + 27va'{B' + e/k) G + 27va'^ 2T\a' ' 

This is the equation which relates the moduli of the D-instanton configuration G", B\ k 
to the parameters in the NCYM theory G, 6, $. A similar formula was also obtained in 



21 . In what follows, we will define J-"' as 



r = B' + ye. (2.10) 
k 



In some particular cases, 9 and $ are expressed in a simple form from 

(1) $ = 0. 

1 - detG- 

this corresponds to the NCYM theory obtained in the point-splitting regularization in 

m 

(2) 6 = 0. 

<l> = ^', (2.12) 
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this corresponds to the ordinary YM theory (however, with the magnetic background $ 
) obtained in the Pauh-Villars regularization. 
(3) 6 = l/P. 

$ = -^', (2.13) 
this corresponds to the exact solution or the solution in the zero-slope limit argued in [|ll|] 

a' ~ e5 0, Qij ~ e ^ 0. (2.14) 

In fact, in [|lT| one of the exact solutions to (|2.8| ) is proposed as 



^ = 4, G = ~(2na'?B-B, $ = -B, (2.15) 
B 9 

and it is pointed out that this is also the solution in the limit ( p.l4| ). 

In the intermediate region (general case) of interest at present, ( ^l9|) leads to a quadratic 
equation for $12 and its solution is determined in a unique way from the requirement that 
it should reproduce the above special cases. It reads 



This is the most general exact solution to ( p.9| ) in our case. For given JF', if we choose 
6 in an arbitrary fixed value, we can determine $ according to this equation. In the 
low-energy limit (zero-slope limit), as we see above, 6^^ = —1/{B[2 + 1/fc) and in this 
sense the transverse noncommutativity k and the momentum noncommutativity B[2 of 
the D-instantons are encoded into the longitudinal noncommutativity 6 of the D-string 
in a special combination. However, in general cases, the $ degrees of freedom make their 
relation complicated as in ( p. 16 ). Note that in such cases the situation that transverse and 



momentum noncommutativity are combined into the longitudinal one only in the special 
combination is the same. This fact seems to imply that in defining the nonperturbative 
string theory in terms of the D-instanton degrees of freedom, it is necessary to introduce 
not only the transverse noncommutativity as has been formulated so far, but also the 
momentum noncommutativity on an equal footing. 



3 The General Coordinate Transformation on the D- 
string World Volume and the ^ Degrees of Freedom 



In this section from the point of view of the D-string world volume theory we reconsider 
the degrees of freedom of $ conjectured in 
NCYM theory intact. As discussed in HI 
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18, 22 



which changes the value of 6 keeping 
it is known that if we choose the 



coordinate on the world volume in such a way that the U{1) field strength J-'ij is given as 
eij/k or Bij by using the coordinate transformation, the resulting coordinate shows the 
longitudinal noncommutativity in the form of ( |1.3|) with 6^^ = —Zee*-' or 6^^ = (B^^y^ , 
respectively. In the following we generalize the argument in Namely, by making 

the general coordinate transformation on the D-string world volume considered in the 
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previous section, we change the parametrization of the world volume from that in the 
static gauge described by ( p.4|) to that in a gauge in which T\2 is equal to a certain 
constant value and reconsider the world volume theory in this gauge. Then it is found 
that if it is possible to fix the value of T\2 arbitrarily not restricted to or i?i2, we get 
a description with an arbitrary longitudinal noncommutativity of the same world volume 
theory. 

Let us denote the D-string world volume coordinate in the static gauge considered in 
section 2 as x*: 

X\x) = x\ (3.17) 
where X* is the embedding function into the target space. In the static gauge a dynamical 



field on the world volume is a U{1) gauge field ai{x). Combining the result in (|2.4| ), the 
total field strength is given by 

Tij{x) = T[j + fij{x) = T[j + ^^^aj{x) - d^jai{x), (3.18) 

where JF' is a constant field strength defined in ( p.lO| ). 

To begin with, we consider the case in which ai{x) = 0. For an arbitrary non-zero 
constant antisymmetric tensor field Yy = Yeij on the D-string world volume, we make a 
coordinate transformation on the world volume and choose its new coordinate cr* under 
which a new field strength Tij{a) is given by Yif 

F.,=^.,(a) = Jfj;.j-^,(x(a)), (3.19) 

where is the Jacobian matrix associated with our coordinate transformation: 

Eq. ( |3.19| ) means that 

Y = JJ^'J^, (3.21) 

and this is the condition which the coordinate a, in other words, the coordinate trans- 
formation X a, should satisfy. Below we will assume that for an arbitrary Y^ we can 



choose such a coordinate a*. The special case B = and Y = 1/kis considered in |[T7| , 
and the case k —>■ oo and Y = B12 corresponds to P^ . 

Next when there is a small fluctuation of U{1) gauge field aj(x) in the static gauge 
( p. 17] ), what is the counterpart of its degrees of freedom in the a coordinate = Y 



gauge)? In the presence of the ai{x), we denote a new coordinate a'* which satisfies the 
gauge condition 

= T,,{o') = Jf Jj^fc,(x(a')), (3.22) 

as 

a'' = a' ~d%a). (3.23) 

Here a* is the coordinate which satisfies ( |3.19| ). d^{cr) defined here is a dynamical field 
corresponding to aj(x) in this gauge. Define 

= = + (3.24) 
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then ( 3.22|) can be rewritten as 



(j + sj)^ij + sj)\ir,, + f: 



kl) 



Yij + dJ^JjJ-' + Jl5JjJ^'^i + JiJjft 



r 



jk jl 



' jjkh 



(3.25) 



here we have assumed that 5 J ~ 0(a) and kept terms up to the first order in a. This 
equation leads to 



We note that 



J'l = J^ + {d,d\a))Ji, d. 



d_ 



(3.26) 



(3.27) 



and thus if we define = did^{a), then J' = (1 + M)J, namely, 5 J = MJ. Substituting 
this into (|3.26|) yields 

JfJ^ = -MY + {MYf, 
here we have used ( p.21|) . For components, this equation gives 



/i2 = -Yu det J-hrM = -Yu det J-^did\ 
Using det J = YyilT'yi which can be easily obtained by ( p.22|) , we find 

- T[2did' = fi2 = d^ia2 - d^2ai. 
Noting that d^i = {J~^)\dj, this equation gives 

YM' = -e.,9,(J>fc). 

Thus we get 



(3.28) 
(3.29) 



= {Y-^y^d,x''ak = {Y-y^( 



'31 



where we have introduced 



aj [^a ) 



afc(x((T)), 



and ignored a difference of the U{1) gauge degrees of freedom 

d'^d' + {Y-y^dj\. 



(3.30) 

(3.31) 
(3.32) 
(3.33) 

(3.34) 



This result certainly reproduces those obtained in [|17| , [18i |2^ as special cases and is a 
natural extension of theirs. 

Now let us derive the action and its symmetry in the gauge (|3.19|) . Following the 



argument in we begin with the Born-Infeld action for our D-string in this gauge 

(3.35) 



(3.36) 



S = T J d'^ay det{gij + 27ra'J-'ij), 

where c/ij is the induced metric for the embedding function X\a) = x^{a) 

Qij = diX°'djx''gab- 



Using the gauge condition (|3.19|) , this action becomes 

S = const. + ^^i2na'yY,l [ d^a—^iY-'y\Y~y%x''d,x%x%x''gatgcd + ■■■ 

= const. -^y(2^^^^0^/^c^'^^^^^ (3.37) 

where we have introduced the Poisson bracket associated with as 

{A, B}y-i = i{Y-^y^diAdjB. (3.38) 

In particular, 

{a\a^}Y-i =iiY-y^. (3.39) 

In the presence of the small fluctuation d\a) defined in (|3.23| ), we can see from (|3.32|) 
that the embedding coordinate becomes 

x^ ^x^ + dx"- = x^ + J^'iY-^y^dj. (3.40) 

Then it is easy to check that 

- ^K^x'^jy-i ^ {j'^Y-'jy^ - {J^Y-Yk{y~'jy'', (3.41) 

where 

fij = didj - djdi - i{di, aj}y-i. (3.42) 
Thus we obtain an action for the fluctuation 



T 



4 \ jj'<J'^^~'y'0,i - Y,i){Y~'jy''{J^Y-'y'^a, - Y,,){Y-'jy^g^,g,,. 

(3.43) 



Define 

G'' = --^(r-V)-(?„,(j^F-i)''^- = --^(r-l^r-l)^^ (3.44) 

Gs = gsdet{27ia'Yg-^y^, (3.45) 
then the action takes the form of 

1 f -.o rz Z3 ^1.7 1 / ;r 



= I dVVdet GijG'^G'^^-fikfji + total derivative, (3.46) 
9ym "'^ 4 

where 

9ym = (3.47) 

This is the action of the NCYM theory with 9 = Y~^ up to the second order in Y~^. We 
believe that generalization of the arguments given in would work in our case and it 
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provides the exact NCYM theory with 9 = Y ^ in which the Poisson bracket ( 3.38| ) is 



replaced by the Moyal bracket. Thus we have verified that at least for small fiuctuations 
the D-string world volume theory in the gauge ( |3.22| ) is described by the NCYM theory 
with noncommutativity and that Oj corresponds to the NC gauge field. It is worth 
noticing that ( |3.44| ) and ( |3.45| ) are natural generalization of the open string metric and 



open string coupling constant in the zero-slope limit given in |TT|. 

As another evidence that we have NCYM theory with 9 = Y~^, let us analyze the 
symmetry of ( |3.46| ). It is argued in [1^, ^ that the gauge condition of the form ( |3.19|) 



does not completely fix the whole reparametrization invariance and there is a residual 
one, which can be interpreted as the noncommutative gauge invariance (|1.2|) in terms of 
di defined like ( p.40[) . In the present case, we also have residual diffeomorphism invariance 
after fixing the gauge as in ( |3.19|) . Namely, if we make the coordinate transformation 



0"* — > a* + V^{a) using a vector field V^{a) on the world volume, the condition that this 
coordinate preserves the gauge condition is 

YkAV\^) + YikdjV\cj) = 0, (3.48) 

which implies that there exists a scalar field p{a) on the world volume such that 

V = {Y-y^djp. (3.49) 

Then x'^{a) is transformed as 

x' ^x'- {Y-y'djpdkx' = x' + i{p, x'}y-i. (3.50) 



This and ( p.39|) strongly suggest that the world volume coordinate in the gauge (|3.19|) 



has the longitudinal noncommutativity 9 = Y ^ in the form of (|1.3|). If there exists the 



fiuctuation ai(cr), is modified according to (|3.40|) and the transformation ( p.50| ) becomes 



x'' x" + i{p, x"}y-i = x'' + bx'\ (3.51) 

In terms of aj(cr), ( |3.51| ) can be rewritten as 

5ai = 9ip + z{p, ajy-i, (3.52) 

where we have used bx'^ = Jj(Y~^y^Sdk and didjX^ = 0, because it is possible to choose 
J as a constant matrix in the case of a constant JF'. 

Thus we conclude that for an arbitrary non-zero constant antisymmetric field Y^, if we 
choose a coordinate a such that JF(a") = F by means of the general coordinate transforma- 
tion on the world volume, the world volume theory in this coordinate is described by the 
NCYM theory with 9 = Y~^ and correspondingly, the world volume has the longitudinal 
noncommutativity {Y~^y^ . 

We have seen that the longitudinal noncommutativity 9 can be arbitrarily varied by the 
way of fixing the diffeomorphism invariance on the world volume. As emphasized in the 
previous section, from the point of view of NCYM theory, the magnetic background $ is 
responsible for the degrees of freedom to change the value of 9. Therefore, it is conjectured 
that the degrees of freedom of $ should correspond to those of diffeomorphism on the world 
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volume which is noncommutative in generaL In order to see that this is the case, let us 
briefly discuss the derivation of (|2.16|) . The following argument is a generalization of that 
given in [^. It is natural to guess that the D-string conflguration in the F' = Y gauge is 
equivalent to that in the static gauge in the background metric gij = G-^, antisymmetric 
tensor field F' — Y, and U{1) field strength Y. The T-duality transformation in 1,2- 
directions maps this to a noncommutative D-instanton configuration 

[q\f] = -t{Y~'Y\ (3.53) 

in the T-dual background 

G''^ + 2na'B'^ = ^ . (3.54) 

G' + 27ia'{F' -Y) 

Similarly to above and for fiuctuations around ( p.53|) , we define di as 

Sqi = {Y~^y^dj{q). (3.55) 
Substituting this in the original effective action of D-instantons for slowly varying fields! 



S ~ TT^det{G'i + 27ia'B^^ + i{2TTa')-^[q\ gJ]), (3.56) 

and expressing the functions of (f as c-number functions whose product is given by the 
^-product in ( |1.1| ) with 6 = Y^^, we get the noncommutative Born-Infied action in the 
following form: 



5$ ~ Vdet(G' + 27ra'(/ + <l>)), (3.57) 

where 

$ = -y - {2na'yYBY, (3.58) 

which reproduces ( |2.16|) with 6 = Y^^. 

Now let us summarize above arguments using boundary states in accordance with 
17| , |18|. As constructed in Jl^, a boundary state corresponding to (|2.1|) is given by 

= trPexp (^-i J^'' dsPi{s)q^ \X' = 0)_i, (3.59) 

where Pi is the canonical momentum of string and |X* = 0)_i is the Dirichlet boundary 
state: 

X^(s)|X^ = 0)_i = 0. (3.60) 
In the path integral representation, (p.59|) can be rewritten as 

= J [dq^dq^] exp (^^ J^" dsq\s)dsq\s) - i dsPi{s)q\s)'^ \X' = 0)_i. (3.61) 
Generalizing this, a general configuration of D-instantons 

X^ = (p^{q) (/i>l), (3.62) 

II We adopt a naive generalization of the abelian Born-Infeld action. 
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should correspond to a boundary state 

\B)-i = I [dq'dq^]exp (^^ j^^ dsq\s)dsq\s) - t j^^ dsP,{s)r{q\s))^ \X' = 0)_i. 

(3.63) 

On the other hand, in the D-string picture, the world volume theory consists of a U{1) 
gauge field Ai on the world volume and scalar fields 0" (a > 3) which describe the 
transverse coordinates of the world volume. In the static gauge 0*(g) = g*, the boundary 
state corresponding to this general configuration is given by 

= j [dq^dq^]exv [t j"^^ dsA,{q{s))dsq\s) - i fj ds{P,q\s) + Pa{s)cP\q{s^^^ 

x|X^ = 0)_i, (3.64) 

which coincides with ( p.63| ) under an identification F12 = 1/k. Thus we see that in both 
boundary state plays a role of the parametrization of the world volume. Now following 
p!8| , let us consider the most general boundary state which includes all of the fields Ai, 
which appeared in ( ^.63| ), ( ^.641 ) 



\B) = J [dq^dq^]exp (t \sA{q{s))dsq\s) - i jj dsP^{sW{q{s))^ \X' = 0)_i. 

(3.65) 

Then it is easy to check that this boundary state is invariant under the reparametrization 
of the world volume coordinate q'*||18[. Moreover, by using this invariance, when we fix 



in the static gauge (p'^i^q) = q\ (p.65|) reproduces ( p.64| ), while if we fix in such a way 



that F12 = 1/k, it reproduces ( p.63| ). In the latter case, as we have seen in ( p.39| ), q 



become noncommutative coordinates. In this sense, an original configuration described 
by ( |3.65| ) has the invariance of the diffeomorphism on the (noncommutative, in general) 
world volume [Q. According to the notation in we denote the group which consists of 
such diffeomorphisms as Diff. Diff has a subgroup of diffeomorphisms which preserve 
the value of JF. We denote it as Dif fjr. This is exactly the symmetry in the D-instanton 
picture and is inherited from the original U{oo) symmetry [P^] 

5q' = i[e,q% (3.66) 



As we showed above. Differ can be also interpreted as the noncommutative gauge symmetry |17|, 



T8| , p^ . Arguments in this section implies that the residual symmetry of the reparametriza- 

(3.67) 



tion invariance which the original system ( p.65|) has, namely, 

Dtff 



corresponds to a hidden 'symmetry' which is responsible for changing the longitudinal 
noncommutativity and is conjectured to be equivalent to the degrees of freedom of $. 

4 Discussions 

Let us discuss the meaning of our results from the point of view of searching a nonper- 
turbative mechanism and definition of string theory. 
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We have shown that the 'symmetry' to change the longitudinal noncommutativity 
results from the degrees of freedom of the way of choosing parametrizations on a noncom- 
mutative world volume. Thus starting with a configuration like ( p.65| ) gives a clue to the 



proof of (|2.8|) or ( p.9|) . In fact, there have been already some results in this approach p5| 
Moreover, it is expected to clarify relations or symmetries between various noncommuta- 
tivities. In particular, although we concentrated on the relation between the transverse 
noncommutativity and the longitudinal one in the above discussion using boundary states, 
it would be interesting to construct a boundary state which also includes the momentum 
noncommutativity.^ If it is possible, it would make clear interrelations between the non- 
commutativities and serve for the nonperturbative formulation of string theory. 

On the other hand, from the point of view of D-brane matrix models, the noncommu- 
tativities may provide natural regularizations. If we see the lower-dimensional D-brane 
matrix models as candidates for the nonperturbative definition of string theory like0, |^, ^ , 
these must be well-defined field theories. It would be interesting to examine a possibility 
that various noncommutativities associated with D-branes provide natural regularizations 
for them. In this sense, it would be important to define a field theory on a noncommu- 
tative space and to clarify a role played by the noncommutativity clS db TQ gularization 



In relation to the work of |]TT|, we believe that the gauge choice ( p.l9|) would correspond 



to a certain regularization of the two-dimensional field theory which interpolates between 
the Pauli-Villars and the point-splitting, for example, a hybrid point splitting proposed 
27|. We hope to return to this issue in future works. 



m 



Acknowledgements 

The author would like to thank O. Andreev, M. Kato and N. Ishibashi for valuable 
discussions and useful comments. This work was also influenced so much by the Summer 
Institute '99 at Yamanashi and the workshop at YITP, Japan. The author is grateful to 
the organizers of these workshops for providing such opportunities. 



References 



[1] T. Banks, W. Fishier, S.H. Shenker and L. Susskind, "M Theory as A Matrix 
Model: A Conjecture," Phys. Rev. D55 (1997) 5112, |hep-th/96lO(M^ . 
For a review, see T. Banks, "Matrix Theory," Nucl. Phys. Proc. Suppl. 67 (1998) 



180, 


hep-th/9710231 


|hep-th/9712072 





[2] N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya, "A Large N Reduced Model 
as Superstring," Nucl. Phys. B498 (1997) 467, |hep-th/96l2m. 



[3] J.M. Maldacena, "The Large N Limit of Superconformal Field Theories and Su- 
pergravity," Adv. Theor. Math. Phys. 2 (1998) 231, |hep-th/9711M]| . 



For example, in ||^ such a boundary state is concretely constructed. 



12 



E. Witten, "Bound States of Strings and p-Branes" , Nucl. Phys. B460 (1996) 335, 
|hep-th/9510T35| . 



M. Kato and T. Kuroki, "World Volume Noncommutativity versus Target Space 
Noncommutativity," JHEP 03 (1999) 012, |hep-th/990200^ . 

A. Connes, M. R. Douglas and A. Schwarz, "Noncommutative Geometry and Ma- 
trix Theory: Compactification on Tori," JHEP 02 (1998) 003, |hep-th/971lT62 . 



M. R. Douglas and C. Hull, "D-branes and the Noncommutative Torus," JHEP 
02 (1998) 008, |hep-th/9711165| . 

T. Yoneya, Duality and Indeterminacy Principle in String Theory in "Wandering 
in the Fields", eds. K. Kawarabayashi and A. Ukawa (World Scientific, 1987), p. 
419; String Theory and Quantum Gravity in "Quantum String Theory", eds. N. 
Kawamoto and T. Kugo (Springer, 1988), p. 23; "On The Interpretation of Minimal 
Length in String Theories", Mod. Phys. Lett. A4 (1989) 1587. 

T. Yoneya, "Schild Action and Space-Time Uncertainty Principle in String The- 
ory", Prog. Theor. Phys. 97 (1997) 949, |hep-th/9703078| . 

A. Jevicki and T. Yoneya, "Space-Time Uncertainty Principle and Conformal Sym- 
metry in D-Particle Dynamics", Nucl. Phys. B535 (1998) 335, |hep-th/9805TMg| . 

N. Seiberg and E. Witten, "String Theory and Noncommutative Geometry," JHEP 
09 (1999) 032, |hep-th/990814^ . 



F. Ardalan, H. Arfaei and M.M. Sheikh- Jabbari, "Noncommutative Geometry from 
Strings and Branes," JHEP 02 (1999) 016, |hep-th/98lOU7^ "Dirac Quantization 



of Open Strings and Noncommutativity in Branes," |hep-th/9906161| . 

C.-S. Chu and P.-M. Ho, "Noncommutative Open String and D-brane," Nucl. Phys. 
B550 (1999) 151, |hep-th/9812"2T9t "Constraint Quantization of Open String in 



Background B Field and Noncommutative D-brane," [hep-th/9906192| . 

V. Schomerus, "D-branes and Deformation Quantization," JHEP 06 (1999) 030, 
|hep-th/9903205| . 

A. Fayyazuddin, Y. Makeenko, P. Olesen, D. J. Smith and K. Zarembo, "Towards a 
Non-perturbative Formulation of JIB Superstrings by Matrix Models" , Nucl. Phys. 
B499 (1997) 159, ^ep-th/970303"g| . 



S. Hirano and M. Kato, "Topological Matrix Model", Prog. Theor. Phys. 98 (1997) 
1371, |hep-th/9708039[ 



N. Ishibashi, "p-branes from [p — 2)-branes in the Bosonic String Theory", 
Nucl. Phys. B539 (1999) 107, |hep-th/9804163i 



N. Ishibashi, "A Relation between Commutative and Noncommutative Descrip- 
tions of D-branes," |hep-th/9909Tf6| . 



13 



B. de Wit, J. Hoppe and H. Nicolai, "On The Quantum Mechanics of Supermem- 
branes," NucL Phys. B305[FS23] (1988) 545. 



P. K. Townsend, "D-branes from M-branes," Phys. Lett. B373 (1996) 68, |hep- 
th/9512062| . 



N. Ishibashi, S. Iso, H. Kawai and Y. Kitazawa, "Wilson Loops in Noncommutative 
Yang Mills," hep-th/991004. 

L. Cornalba and R. Schiappa, "MATRIX THEORY STAR PRODUCTS FROM 
BORN-INFELD THEORY," |hep-th/99072Tl| ; L. Cornalba, "D-brane Physics and 



Noncommutative Yang-Mills Theory," |hep-th/990908l 



P.-M. Ho, "Twisted Bundle On Quantum Torus and BPS States in Matrix Theory," 
Phys. Lett. B434 (1998) 41, |hep-th/9803166| . 

B. Pioline and A. Schwarz, "Morita equivalence and T-duality (or B versus 6)" 
JHEP 08 (1999) 021, |hep-th/99080T9| . 

K. Okuyama, "A Path Integral Representation of the Map between Commutative 
and Noncommutative Gauge Fields," |hep-th/9910138| . 



T. Kuroki, "Master field on a fuzzy sphere," Nucl. Phys. B543 (1999) 466, |hep^ 
th/9804041| 



O. Andreev and H. Dorn, "On Open String a- Model and Noncommutative Gauge 
Fields," |hep-th/991207q . 



14 



